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\S 2 Higher-order NLS
(HNLS) $q(x,\tau)$
$\dot{\iota}\frac{\partial q}{\partial\tau}+\frac{1}{2}\frac{\partial^{2}q}{\partial x^{2}}+|q|^{2}q+i\epsilon\{\beta_{1}\frac{\partial^{3}q}{\partial x^{3}}+\beta_{2}\frac{\partial}{\partial x}(|q|^{2}q)+(\beta_{3}+i\sigma_{3})q\frac{\partial|q|^{2}}{\partial x}\}=0$ (1)
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$q(x, \tau)=\sum_{k}A(k, \tau)e^{ikX}$ $[k= \frac{2\pi}{L}n(n=-\frac{N}{2}+1, -\frac{N}{2}+2, \cdots, \frac{N}{2}-1)](3)$
$A(k, \tau)$ 4





$\delta(k, \tau)=\arctan(\frac{{\rm Im} A(k,\tau)}{{\rm Re} A(k,\tau)})$
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$I_{1}$ $=$ $\int|q|^{2}dx$ (5)
$I_{2}$ $=$ $\frac{i}{2}\int(q\frac{\partial q^{*}}{\partial x}-q^{*}\frac{\partial q}{\partial x})dx$ (6)
$I_{1}$ $I_{2}$
$-\infty$ +\infty $0$ $L$
(5),(6) NLS $0$ HNLS
$\frac{dI_{1}}{d\tau}$ $=$ $0$ (7)





$K_{C}$ “ ” ‘.
(7),(8) $\sigma_{3}$ $K_{C}$ up-shift











$\bullet$ (0) $|A(0,\tau)|^{2}$ $(+)$ $\sum_{k>0}|A(k,\tau)|^{2}$ (-) $\sum_{k<0}|A(k, \tau)|^{2}$
$\bullet$ $\epsilon=0.2$ , $N=64$ , $L=2\pi$









$\{\begin{array}{l}\frac{|A(m,\tau)|^{2}}{|A(m,0)|^{2}}\frac{|A(n,\tau)|^{2}}{|A(n,0)|^{2}}\end{array}$ $==$ $1-C \frac{e-1}{Ce+1}1+\frac{e-1}{Ce+1}$ (12)
$C=|A(m, 0)|^{2}/|A(n, 0)|^{2}$
$e=\exp\{2\epsilon\sigma_{3}(m-n)(|A(m, 0)|^{2}+|A(n, 0)|^{2})T\}$
$|A(m, \tau)|^{2}$ $T$ $|A(n, \tau)|^{2}$ $Tarrow\infty$ $0$
lower mode upper mode
up-shift
2 2 (12)




2upper mode lower mode
$\bullet$ ( $N=64$ , L=2\pi ) (12)
$\bullet\epsilon=0.2,$ $\sigma_{3}=0.5,$ $\beta_{1}=\beta_{2}=\beta_{3}=0$




$q(x,\tau)=\eta$ sech $\eta(x-\nu)\exp\{i(\kappa x-\omega\tau)\}$ (13)
$l/=\overline{h}T,$ $\omega=-\frac{1}{2}(\eta^{2}-\kappa^{2})$
$\eta,$ $\kappa$ HNLS $T$
$\eta(\tau),$ $l_{1^{\wedge}},(T)$ (13) (7),(8) $\eta,$ $\kappa$
$\{\begin{array}{l}\frac{d\eta}{d\tau}=0\frac{d\kappa}{d\tau}=\frac{8}{15}\epsilon\sigma_{3}\eta^{4}\end{array}$ (14)
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$\nu=\kappa\tau$ $\nu=\int_{0}^{T}\kappa d\tau$ $\eta_{0},$ $\kappa_{0}$
$\eta,$ $\kappa,$ $\nu$
$\eta$ $=$ $\eta_{0}$ (15)
$\kappa$ $=$ $\kappa_{0}+\frac{8}{15}\epsilon\sigma_{3}\eta_{0^{T}}^{4}$ (16)





mesh-point $\nu$ $\nu$ (18)( ) $\kappa$
3 $\kappa,$ $\nu$
$\kappa$ $T$ up-shift $L$ $\sigma_{3},$ $\eta_{0}^{4}$ $l/$
2 $\eta$
1- up-shift (15) (17) $\beta_{i}\neq 0$














$\bullet$ $N=256,$ $L=10\pi$ (sech )
(A) $\bullet$ $0_{3}\triangleleft.2$ $\eta_{0}=1$ $\kappa_{0}-\triangleleft$
(B) $\circ$ $0_{3}=0.4$ $\eta_{0}=2^{-1/4}=0.84089641525371$ $\kappa_{0}=0$
(C) $\blacksquare$ $0_{3}4.4$ $\eta_{0}=1$ $\kappa_{0}=0$
(D) $\circ$ $0_{3}\triangleleft.2$ $\eta_{0}-2^{\iota/4}=1.189207$1150027 $\kappa_{0}=0$
(E) A $0_{3}\triangleleft.2$ $\eta_{0}\approx 1$ $\kappa_{0}-0.2$
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(20) (1) $p+,P-$
$\frac{d}{d\tau}(\begin{array}{l}p+p_{-}^{*}\end{array})=i(\begin{array}{ll}\epsilon\beta_{1}k^{3}+f-\epsilon(\beta_{2}+g)\eta^{2}k (1-gk)\eta^{2}-(1+g^{*}k)\eta^{2} \epsilon\beta_{1}k^{3}-f-\epsilon(\beta_{2}+g^{*})\eta^{2}k\end{array}) (\begin{array}{l}p+p_{-}^{*}\end{array})$ (21)
$f= \eta^{2}-\frac{1}{2}k^{2},$ $g=\beta_{2}+\beta_{3}+i\sigma_{3}$
(21) $2\cross 2$ ( ) $\lambda$
$\lambda=\frac{\sqrt{2}}{2}k\sqrt{G+G^{2}+\epsilon^{2}\sigma_{3}^{2}\eta^{4}k^{2}}$ (22)
$G= \{1-\epsilon^{2}(\beta_{2}+\beta_{3})^{2}\eta^{2}\}\eta^{2}-\frac{1}{4}k^{2}$
$\lambda\neq 0$ $k$ $\lambda$ sideband
upper sideband lower sid’eband $|p_{+}|,$ $|p_{-}|\propto e^{\lambda T}$




$\lambda=k\sqrt{G}$ $\epsilon=0$ NLS (Benjamin-Feir instability)
$\sigma_{3}$ B-F instability $O(\epsilon^{2})$
(ii) $\sigma_{3}>0$
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